1.2. Transition to the representations of algebra u (2; j 1 ) Under transition from the algebra u (2) to the algebra u (2; j 1 ) the generators A 
where A now raised as to how to set this transformation for the irreducible representation (2) of the algebra u (2). Let us give the transformation of the components of scheme (1) as follows: 
Then, taking into account (5), the representation generators (2) can be written as 
and the spectrum of Casimir operators C 1 (j 1 ) = A 00 + A 11 , C 2 (j 1 ) = A 01 A 10 + A 10 A 01 + j 
where | m means the following scheme
The inequality (1) for components can be formally written as
To reveal the sense of these inequalities for j 1 = 1, we shall discuss the action of rising operator A 10 on the vector of the "major weight" ϕ Mw , described by scheme (10) for m 11 = m 12 , and the lowering operator A 01 on the vector of the "minor weight" ϕ mw , described by scheme (10) 
It can be seen from here that for j 1 = ι 1 , i these expressions differ from zero. Therefore, the space of representation is infinite-dimensional, and the integer-valued component m 11 , which numbers the basis vectors, varying from −∞ to ∞. Thus, the formal inequalities (11) for j 1 = ι 1 , i are interpreted as ∞ > m 11 > −∞ and m 12 ≥ m 22 . The form (6) of the transformation of Gel'fand-Zetlin scheme is chosen in such a way that the Casimir operator of the second order would differ from zero and not contain indeterminate expressions for j 1 = ι 1 .
Contractions of irreducible representations
For j 1 = ι 1 the operator A 00 contains the summand (m 12 + m 22 )/ι 1 , which is in general, undeterminate, if its numerator is a real, complex or dual number. This summand is determinate, if its numerator is purely dual number (see [6] ) m 12 + m 22 = ι 1 ζ, where ζ ∈ R or ζ ∈ C. The requirement of unitarity for the operator A 00 is given by ζ ∈ R. Thus, in order that the operators (7) would determine the representation of the algebra u (2; ι 1 ), it is necessary to choose the components m 12 , m 22 of the scheme (9) as follows
where k, generally speaking, is a complex number. The scheme (10) for dual values of components is determined by the expansion into series
where 
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. Schemes (10) for the contin-uous values of components are normalized to delta-function. In particular, for | m we have normalization to the squared delta-function
Substituting (13), (14) in formulas of §1.2, we obtain the representation operators of the algebra u (2; ι 1 ) (the dual parts are omitted):
The requirement of unitarity (4) for operators A 01 , A 10 gives k =k, i.e. k is a real number, the inequality m 12 ≥ m 22 gives for the real parts k ≥ −k, i.e. k ≥ 0, the component m 11 is integer-valued and changes according to (10) in the range −∞ < m 11 < ∞. The eigenvalues of Casimir operators (8) on the irreducible representations of the algebra u (2; ι 1 ) are
They are independent and differ from zero. As in the case of the initial algebra u (2), the irreducible representations of the contracted algebra u (2; ι 1 ) are completely determined by the upper row of the scheme, i.e. by parameters k ≥ 0, ζ ∈ R. The results (14) , (15) coincide with the corresponding formulas in [7] for the case of algebra iu (1).
To the requirement of determinacy of the spectrum of operator C 2 (ι 1 ) corresponds not only the transformation (6) 2 + ι 1 (ι 1 p) = 0. In this case the irreducible representation of the algebra u (2) is contracted to the degenerate representation of the algebra u (2; ι 1 ), for which C 1 (ι 1 ) = 0, and C 2 (ι 1 ) = 0. One can not, at all, transform the components m kr = m we also obtain the degenerate representation of the algebra u (2; ι 1 ) with C 1 (ι 1 ) = m 12 + m 22 = 0, C 2 (ι 1 ) = 0. This representation is given by generators A 00 , A 11 of the form (2) , and the generators A 01 and A 10 bring | m to zero:
We have chosen the transformation (6) which gives under contraction the non-degenerated general representation of the algebra u (2; ι 1 ) with non-zero spectrum of all Casimir operators. Further, studying the algebras of the higher dimensions, we shall consider just this case.
Analytical continuation of irreducible representations
As it has been noticed in [6] , the formulas for the transformation of algebraic quantities, derived from the requirement of the absence of undeterminate expressions for dual values of parameters j, are valid for imaginary values of parameters as well. For the algebra u (2; j 1 = i) ≡ u (1, 1) this means that (m 12 + m 22 )/i = ζ. The requirement of unitarity for A 00 gives ζ ∈ R, i.e. components m 12 and m 22 , in general, are
Substituting (18) in (9), (7), we get
The relation (4) for the operators A 01 , A 10 , implied by the requirement of Hermiticity, can be written as follows
To satisfy (20) for any ζ, m 11 , the imaginary part of the radicand must vanish and the real part must be positive. It is possible in two cases:
In the case (a) the formulas (19) can be rewritten as follows:
This is irreducible representation of the continuous series of the algebra u (1, 1). Gel'fand and Graev [8] used the components m 12 = − In the case (b) the relations (19) can be rewritten as follows:
This is irreducible representation of additional continuous series [9] . There is once more possibility besides cases (a) and (b). Let components m 12 , m 22 be purely imaginary: m 12 = i m 12 , m 22 = i m 22 , where m 12 , m 22 are integers. Then the relations (19) can be rewritten as follows:
They coincide with (2), (3) except for the sign minus in the radicand. The requirement of unitarity (4) can be reduced to the reality of the root in the expressions for the generators A 01 and A 10 which is possible when one of the factors is negative. As a result, we get two more irreducible representations: c) m 11 ≥ m 12 + 1; d) m 11 ≤ m 22 − 1, which are called discrete series. The discrete series of irreducible representations of pseudounitary algebras u (p, q) are described by Gel'fand and Graev [8, 10] . The cases (c) and (d) correspond to modified schemes
In the simplest case of algebras u (2; j 1 ) we have shown in detail how method of transitions works for irreducible representations.
The irreducible representations of algebras u (2; j 1 ) are given by formulas of §1.2 with additional conditions (13) in the case of contraction and (18) in the case of analytical continuation to the components of the upper row in Gel'fand-Zetlin scheme. To obtain unitary representation, it is necessary additionally to check up whether the relations (4) are satisfied for contracted and analytically continued generators of representation.
Representations of unitary algebras
u (3; j 1 , j 2 )
Description of representations
Standard notations of Gel'fand and Zetlin [11] correspond to diminishing chain of subalgebras u (3) ⊃ u (2) ⊃ u (1), where u (3) = {E kr , k, r = 1, 2, 3}; u (2) = {E kr , k, r = 1, 2}; u (1) = {E 11 }. To make them consistent with the notations of [2] , it is necessary to change index k for index n − k = 3 − k, i.e. E kr = A n−k,n−r . Doing so, we turn the chain of subalgebras into u (3;
It is well known that to determine representations of algebra u (3) it is sufficient to determine action of generators
. The rest generators A 02 , A 20 can be found using commutators
Under transition from u (3) to u (3; j) the generators are transformed as follows (see [2] :
Transformation of the components of Gel'fand-Zetlin schemes can be defined as follows: 
Transforming the known expressions for generators of algebra u (3)
we come to generators of representations of algebra u (3; j):
where | m 12 ±j 2 is the scheme (26), in which component m 12 is substituted for m 12 ± j 2 and so on. Generators A 11 , A 22 , A 12 , A 21 , making subalgebra u(2; j 2 ), are described by (7), where each index of generators must be increased by unit and parameter j 1 has to be substituted for parameter j 2 . Generators (27) satisfy the commutation relations of algebra u (3; j):
coinciding with Cartan-Weyl commutation relations in [2] for
Unitary algebra u (3) has three Casimir operators, which under transition to algebra u (3; j) are transformed as follows [2] : It will be shown further that basic transformations (25), as two other variants, give under contractions general, non-degenerate representations of contracted algebras, all Casimir operators, which are independent and have non-zero spectrum.
Spectrum of Casimir operators in this case is as follows
For interpretation of formal inequalities (26) let us consider the action of rising generator A 10 on the vector of the "major weight" ϕ Mw , described by scheme (2.26), for m 11 = m 12 = m 13 , m 22 = m 23 , and the action of lowering generator A 01 on the vector of the "minor weight" ϕ mw , described by scheme (26) for m 11 = m 22 = m 33 , m 12 = m 23 . Let us write out explicitly only those factors, which vanish for j 1 = j 2 = 1. Then
It can be seen from here that for j 1 = 1, j 2 = 1 A 10 ϕ Mw = {m 13 ( Formulas for irreducible representations of algebra u (3) can be obtained from formulas of this paragraph for j 1 = j 2 = 1. The requirement of unitarity for representations of algebra u (3) leads to the following relations for operators (27): A kk =Ā kk (k = 0, 1, 2), A rp =Ā pr (r, p = 0, 1, 2). Here the bar means complex conjugation.
Contraction over the first parameter
The structure of contracted unitary algebra, described in [2] , is as follows: u (3; ι 1 , j 2 ) = T 4 + ⊃(u (1) ⊕ u (2; j 2 )), where T 4 = {A 01 , A 10 , A 02 , A 20 }; u (2; j 2 ) = {A 11 , A 22 , A 12 , A 21 }; u (1) = {A 00 }. The relations (27) give for j 1 = ι 1 : 
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Here dual parts, arising in the expressions for generators, are omitted, and only real parts are written. Algebra u (3; ι 1 , 1) is inhomogeneous algebra iu(2) in Chakrabarti's notations [7] . The requirement of determinacy and unitarity of generator A 00 gives (m 13 + m 33 )/ι 1 = ξ ∈ R, i.e.
Real-valuedness of k follows from unitary relations for A 01 , A 10 , and its positiveness -from inequality m 13 ≥ m 33 , considered for real parts. Taking into account (32), we get √ −m 13 m 33 = k, and the expressions (2.31) for j 2 = 1 coincide with corresponding Chakrabarti's formulas [7] for iu (2) . 
Algebra su (3; ι 1 , 1) differs from algebra u (3; ι 1 , 1) in that diagonal operators satisfy the relation A 00 + A 11 + A 22 = 0. Acting on scheme | m , we get ξ + m 23 | m = 0, from which it follows ξ = −m 23 . Substituting ξ in (33), we find spectrum of Casimir operators
of the irreducible representation of algebra su (3; ι 1 , 1) = T 4 + ⊃u (2), generators of which are described by (31) for j 2 = 1, where it is necessary to put
Here Z is a set of integers.
Contraction over the second parameter
The structure of contracted algebra is described in [2] and is as follows: u (3; j 1 , ι 2 ) = T 4 + ⊃(u (2; j 1 )⊕u (1)), where T 4 = {A 12 , A 21 , A 02 , A 20 }; u (2; j 1 ) = {A 00 , A 11 , A 01 , A 10 }; u (1) = {A 22 }. After substitution of j 2 = ι 2 in (27), expressions | m 12 ± ι 2 can occur, with which we proceed according to general rules (see [6] ) of treating functions of dual variable, i.e. expand into series
Taking this remark into account, (27) give for j 2 = ι 2 the following expressions for generators: 
where only real parts are written. To obtain correct expressions for A 01 , A 10 , it is necessary to consider in denominators of (27) m 12 − m 22 . The requirement of determinacy of generators A 00 , A 11 together with condition of their Hermiticity brings to components of schemes
Substituting components (38) in (26), we get
For classical unitary algebras, Gel'fand-Zetlin schemes | m with integer components enumerate normalized to unit basis vectors in finitedimensional space of representation. Under contraction and analytical continuations a part of components of schemes | m takes continuous values. In this case basis vectors in infinite-dimensional space of representation for contracted or analytically continued algebras, corresponding to such schemes are understood to be generalized functions, orthogonal as before, but normalized to delta-function. In particular, for | m we get
where the squared delta-functions occur due to the fact that r and k twice enter the components of scheme (for details see [12] [13] [14] by Celeghini in the case of contractions and [15, 16] in the case of analytical continuations).
Substituting (38), (39) in (37), we obtain generators of irreducible representation of algebra u (3; j 1 , ι 2 ):
The relation of Hermiticity for operators A 02 , A 20 gives k 2 − j 
They are all different from zero and independent, as it must be for nondegenerate irreducible representations of algebra u (3; j 1 , ι 2 ). Let us notice that spectrum (42) coincides with spectrum (33) of Casimir operators for algebra u (3; ι 1 , j 2 ). For the sake of convenience of applications (interpretation) we have fixed indices of generators A ps , for this reason u (3; 1, ι 2 ) and u (3; ι 1 , 1) turned out in our case to be different algebras. Rejecting this agreement it is easy to prove that these algebras are isomorphic. Representation (31), (32) is realized in discrete basis, generated by the chain of subalgebras u (3; ι 1 , 1) ⊃ u (2; 1) ⊃ u (1) and described by schemes:
whereas representation (41) is realized in continuous basis, generated by expansion u (3; 1, ι 2 ) ⊃ u (2; ι 2 ) ⊃ u (1) and described by schemes
where besides A 00 , A 11 , A 22 operator A 01 + A 10 is also diagonal in this basis. Thus, contractions over different parameters, leading to isomorphic algebras, give description of the same irreducible representation of contracted algebra in different basises, generated by canonical chains of subalgebras.
A kp = A + pk , which for matrix elements of operators can be written as follows:
where bar means complex conjugation.
Spectrum of Casimir operators
Components m * kn of the upper row of scheme (50) (components of the highest weight) completely determine the irreducible representation of algebra u (n). A.M.Perelomov and V.S.Popov [3] , A.N.Leznov, I.A.Malkin, V.I.Man'ko [5] found eigenvalues of Casimir operators, expressing them in terms of components of the major weight. For unitary algebra u (n) spectrum of Casimir operators can be written as follows:
where E is matrix of dimension n, all elements of which are equal to unit, and matrix a * is as follows
Here θ sp = 1 for s < p and θ sp = 0 for s ≥ p. Under transition from algebra u (n) to algebra u (n; j), j = (j 1 , j 2 , . . . , j n−1 ) the components of major weight are transformed according to (51), i.e.
where a * (→) is matrix (58), in which the components m * pn are substituted by their expressions in terms of m pn , i.e. a 11 (→) = n − 1 + m 1n J −1 , a nn (→) = m nn J −1 , and the rest matrix elements are given by (58). Then matrix a(j) is as follows:
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Casimir operators are transformed according to [2] :
. Their spectraare transformed in just the same way. Therefore, spectrum of Casimir operators for algebra u (n; j) is as follows:
where 2k and 2k + 1 takes all integer values from 1 to n. In particular,
are eigenvalues of the first two Casimir operators of algebra u (n; j) on the irreducible representation.
Possible variants of contractions of irreducible representations
For brevity, in this section we shall talk on contractions of irreducible representations, however, keeping in mind that the corresponding considerations are valid for imaginary values of parameters j as well. Transformation (51) of components in Gel'fand-Zetlin scheme have been chosen in such a way that eigenvalues of Casimir operators of even order would differ from zero under contractions. However, variant (51) (we call it basic) is not unique. As it can be easily seen from (61) Thus, each of n 2 = n(n − 1)/2 variants of transition from irreducible representation of algebra u (n) gives under contractions its own irreducible representation of algebra u (n; j), which spectrum of Casimir operators is determined by its own two components of the upper row of Gel'fand-Zetlin scheme. In this case all variants of transition are of general type, i.e. lead to non-zero spectrum of all Casimir operators, even when all parameters j take dual values. The considerations brought above are valid for each algebra u (k; j ), k = 2, 3, . . . , n − 1, in the chain of subalgebras, described in §3.1, i.e. for 
